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AN Lp-THEORY FOR THE STOCHASTIC HEAT EQUATION ON ANGULAR
DOMAINS IN R2 WITH MIXED WEIGHTS
PETRU A. CIOICA-LICHT
Abstract. We prove a refined Lp-estimate (p ≥ 2) for the stochastic heat equation on angular
domains in R2 with mixed weights based on both, the distance to the boundary and the distance to
the vertex. This way we can capture both causes for singularities of the solution: the incompatibility
of noise and boundary condition on the one hand and the influence of boundary singularities (here,
the vertex) on the other hand. Higher order Lp-Sobolev regularity with mixed weights is also
established.
1. Introduction
This paper aligns in the program started in [2, 1] towards a refined Lp-theory for stochastic
partial differential equations (SPDEs) on non-smooth domains. As already mentioned therein, there
are mainly two effects that influence the regularity of solutions to such equations: On the one
hand, a certain incompatibility between noise and boundary conditions may produce blow-ups of
higher order derivatives near the boundary—even if the boundary was smooth [5, 15]. On the other
hand, singularities of the boundary of the domain, like, e.g., corners, edges, cusps and any other
points where the boundary is not differentiable, may also lead to singuarities of the solution in their
vicinity—even if the forcing terms are deterministic and smooth [6, 8]; see also [20, 21] for a detailed
analysis of the breakdown of Sobolev regularity on polygonal domains in the context of SPDEs.
In a series of papers it has been shown that on smooth domains (at least C1) the incompatibility of
noise and boundary condition can be captured accurately by means of weighted Lp-Sobolev spaces
with weights based on the distance to the boundary [9, 10, 15, 17, 18]; see also [19], which can
be used to reproduce parts of these results by means of [26, 27]. At the same time, the analysis of
deterministic equations on domains with corners and edges takes place in weighted Lp-Sobolev spaces
with weights based on the distance to the boundary singularities, see, for instance, [4, 13, 14, 22] and
the bibliographies therein for elliptic equations and [12, 23, 25, 24] for parabolic problems. Thus, in
order to capture both effects and their interplay, a system of weights based on a combination of the
distance to the boundary and the distance to its singularities suggests itself.
An appropriate system of mixed weights has been introduced in [1] for the stochastic heat equation
on angular and polygonal domains O ⊂ R2. In particular, it has been shown that with this system
of weights higher order weighted Lp-Sobolev regularity (p ≥ 2) can be established once a solution of
low regularity is known to exist. However, so far, the existence part has been only solved for a very
restrictive range of parameters. In this paper we prove one crucial missing link: refined weighted
Lp-estimates for the stochastic and deterministic convolutions associated to the stochastic heat
equation
du = (∆u+ f) dt+ gk dwkt on Ω× (0, T ]×D,
u = 0 on Ω× (0, T ]× ∂D,
u(0) = 0 on Ω×D,

 (1.1)
on angular domains
D := Dκ0 :=
{
x = (x1, x2) ∈ R2 : x = (r cosϑ, r sinϑ), r > 0, ϑ ∈ (0, κ0)
}
(1.2)
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of arbitrary angle 0 < κ0 < 2π, see Theorems 2.1 and 2.3 below. These estimates at hand, existence
and higher order Lp-regularity for the stochastic heat equation (1.1) in suitable weighted Lp-Sobolev
spaces can be established along the lines of [1], see Section 3, in particular, Theorem 3.4. Before we
start, we present the setting, which is assumed to hold throughout this paper.
Setting. Let (Ω,F ,P) be a complete probability space, and (Ft)t≥0 be an increasing filtration of
σ-fields Ft ⊂ F , each of which contains all (F ,P)-null sets; E denotes the expectation operator. We
assume that on Ω we are given a family (wkt )t≥0, k ∈ N, of independent one-dimensional Wiener
processes relative to (Ft)t≥0. We fix T ∈ (0,∞) and denote by PT the predictable σ-field on ΩT :=
Ω× (0, T ] generated by (Ft)t≥0; PT := P⊗ dt. Moreover, we fix an arbitrary angle 0 < κ0 < 2π and
consider the the stochastic heat equation (1.1) on the angular domain D = Dκ0 . Throughout, C is
used to denote a positive finite constant and the notation C(a1, . . . , an) or Ca1,...,an means that C
only depends on the parameters a1, . . . , an. In general, constants may differ at any appearance.
2. Lp-estimates
In this section we state and prove refined weighted Lp-estimates for the stochastic convolution
(t, x) 7→
∞∑
k=1
∫ t
0
∫
D
G(t− s, x, y)gk(s, y) dy dwks , (t, x) ∈ (0, T ]×D, (2.1)
and for the deterministic convolution
(t, x) 7→
∫ t
0
∫
D
G(t− s, x, y)f(s, y) dy ds, (t, x) ∈ (0, T ]×D. (2.2)
Here, G(t, x, y) = Gκ0(t, x, y) is the Green function for the heat equation on D = Dκ0 with zero
Dirichlet boundary condition, defined for every y ∈ D as the solution (in the sense of distributions)
to the problem
∂G(t, x, y)
∂t
−∆xG(t, x, y) = δ(0,y)(t, x) in R×D,
G(t, x, y) = 0 for t ∈ R, x ∈ ∂D \ {0}, G(t, x, y) = 0 for t < 0,
cf., e.g., [12, Lemma 3.7]. Our weights are based on the distance ρ := dist(·,D) to the boundary and
on the distance ρ◦ := dist(·, {0}) = |·| to the vertex of D. For 1 < p < ∞, Θ ∈ R, and θ ∈ R, we
write
Lp,Θ,θ(D) := Lp(D,B(D), ρθ−2◦
(
ρ
ρ◦
)Θ−2
dx;R) and Lp,Θ,θ(D; ℓ2) := Lp(D,B(D), ρθ−2◦
(
ρ
ρ◦
)Θ−2
dx; ℓ2)
as well as
Lp,Θ,θ(D, T ) := Lp(ΩT ,PT ,PT ;Lp,Θ,θ(D)) and Lp,Θ,θ(D, T ; ℓ2) := Lp(ΩT ,PT ,PT ;Lp,Θ,θ(D; ℓ2)).
Our main Lp-estimate for the stochastic convolution (2.1) reads as follows.
Theorem 2.1. Let 2 ≤ p <∞ and let
p
(
1− π
κ0
)
< θ < p
(
1 +
π
κ0
)
and 1 < Θ < p+ 1. (2.3)
Then there exists a finite constant C, independent of g and T , such that∥∥∥∥t 7→
∞∑
k=1
∫ t
0
∫
D
G(t− s, ·, y)gk(s, y) dy dwks
∥∥∥∥
Lp,Θ−p,θ−p(D,T )
≤ C ‖g‖Lp,Θ,θ(D,T ;ℓ2).
The key ingredient for the proof of this assertion is the following Green function estimate, recently
proven in [11], see, in particular, Theorem 2.6 and Remark 2.2 therein as well as [12, Section 2],
in particular, Theorem 2.4(3) therein. Moreover, we need some subtle estimates, which we prove in
Section 4. We use the notation
Rx,c :=
|x|√
c+ |x| and Jx,c :=
ρ(x)√
c+ ρ(x)
(2.4)
for arbitrary x ∈ Rd and c > 0.
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Theorem 2.2 ([11]). For all 0 < λ1, λ2 <
π
κ0
, there exist finite constants C, σ > 0 depending only
on κ0, λ1, and λ2, such that
|G(t− s, x, y)| ≤ C Rλ1−1x,t−sRλ2−1y,t−s Jx,t−s Jy,t−s
1
t− se
−σ |x−y|2
t−s .
Proof of Theorem 2.1. For x ∈ D let w(x) := ρ(x)ρ◦(x) . We will show that for arbitrary 0 < λ1, λ2 <
π
κ0
, the stochastic integral operator defined by
(Gsh)(t, x) :=
∞∑
k=1
∫ t
0
∫
D
G(t− s, x, y) |x|
µ−2
|x|µ−1
w(x)µ˜−2
w(y)µ˜−1
hk(s, y) dy dwks ,
is a bounded operator from Lp,2,2(D, T ; ℓ2) to Lp,2,2(D, T ), provided
2
p′
− λ1 < µ < 2
p′
+ λ2 and
1
p′
< µ˜ <
1
p′
+ 1, (2.5)
where p′ := p/(p− 1) is the dual exponent of p. This is equivalent to proving the assertion.
For the rest of the proof we fix µ and µ˜ satisfying (2.5) and choose γ1, γ˜1, γ2, γ˜2 ∈ R, such that
the conditions
0 < γ˜2 < 2 +
1
p′
− µ˜ and 0 < γ2 + γ˜2 < λ2 − µ+ 1 + 2
p′
(2.6)
as well as
1
p
< γ˜1 < µ˜− 1
p′
+
1
p
and 0 < γ1 + γ˜1 < λ1 + µ− 2
p′
(2.7)
are satisfied. Note that such γ1, γ˜1, γ2, γ˜2 ∈ R exist since we assume (2.5) to hold.
We first note that, by the Burkholder-Davis-Gundy inequality and the triangle inequality for
ℓ2-valued integrals, we obtain for all 0 < t <∞ and all x ∈ D that
E
∣∣Gsh(t, x)∣∣p ≤ C E
[(∫ t
0
∞∑
k=1
(∫
D
G(t− s, x, y) |x|
µ−2
|x|µ−1
w(x)µ˜−2
w(y)µ˜−1
hk(s, y) dy
)2
ds
)p/2]
≤ C E
[(∫ t
0
(∫
D
∣∣G(t− s, x, y)∣∣ |x|µ−2|x|µ−1 w(x)
µ˜−2
w(y)µ˜−1
|h(s, y)|ℓ2 dy
)2
ds
)p/2]
,
where C depends only on p. The first inequality can be justified, e.g., by considering Gsh(t, x) as a
real-valued stochastic integral w.r.t. a cylindrical Wiener process on ℓ2 and applying the Burkholder-
Davis-Gundy inequality as stated in [3, Theorem 4.36]; if p = 2 it is enough to apply Itoˆ’s isometry.
Using the Green function estimate from Theorem 2.2 together with Ho¨lder’s inequality we obtain
E|(Gsh)(t, x)|p ≤ Cp E
[(∫ t
0
(∫
D
Rλ1−1x,t−sR
λ2−1
y,t−sJx,t−sJy,t−s
× |x|
µ−2
|y|µ−1
w(x)µ˜−2
w(y)µ˜−1
|h(s, y)|ℓ2 ·
e−σ
|x−y|2
t−s
t− s dy
)2
ds
)p/2]
≤ Cp E
[(∫ t
0
(∫
D
Rγ1px,t−sR
γ2p
y,t−sJ
γ˜1p
x,t−sJ
γ˜2p
y,t−s|h(s, y)|pℓ2 ·
e−σ
|x−y|2
t−s
t− s dy
)2/p
×
(∫
D
R
(λ1−1−γ1)p′
x,t−s R
(λ2−1−γ2)p′
y,t−s J
(1−γ˜1)p′
x,t−s J
(1−γ˜2)p′
y,t−s
× |x|
(µ−2)p′
|y|(µ−1)p′
w(x)(µ˜−2)p
′
w(y)(µ˜−1)p′
· e
−σ |x−y|2
t−s
t− s dy
)2/p′
ds
)p/2]
=: Cp E
[(∫ t
0
I
2/p
1,p (x, s, t)× I2/p
′
2,p (x, s, t)
)p/2]
,
where
I1,p(x, s, t) :=
∫
D
Rγ1px,t−sR
γ2p
y,t−sJ
γ˜1p
x,t−sJ
γ˜2p
y,t−s|h(s, y)|pℓ2 ·
e−σ
|x−y|2
t−s
t− s dy
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and
I2,p(x, s, t) :=
∫
D
R
(λ1−1−γ1)p′
x,t−s R
(λ2−1−γ2)p′
y,t−s J
(1−γ˜1)p′
x,t−s J
(1−γ˜2)p′
y,t−s
× |x|
(µ−2)p′
|y|(µ−1)p′
w(x)(µ˜−2)p
′
w(y)(µ˜−1)p′
· e
−σ |x−y|2
t−s
t− s dy.
Note that, since only h depends on ω ∈ Ω, so does I1,p, whereas I2,p is purely deterministic. By
another application of Ho¨lder’s inequality to the integral on (0, t) with Ho¨lder conjugates p/2 ≥ 1
and p/(p− 2), we obtain
E
∣∣(Gsh)(t, x)∣∣p ≤ E
[ ∫ t
0
I1,p(x, s, t) ds
]
· ∥∥I2,p(x, ·, t)∥∥p−1L 2(p−1)
p−2
(0,t;R)
, (2.8)
where we use the common convention 1/0 :=∞ for p = 2.
Step 1. We first deal with the norm of I2,p and prove that∥∥I2,p(x, ·, t)∥∥p−1L 2(p−1)
p−2
(0,t;R)
≤ C ρ(x)−2, x ∈ D. (2.9)
We distinguish between the cases p = 2 and p > 2, respectively.
Case 1. p = 2. Since by (2.7), 2 − µ˜ − γ˜2 > −1/2 and λ2 − µ − 1 − γ1 − γ˜1 > −1, we may apply
Lemma 4.1 for the estimating the inner integral, and obtain
sup
0<s<t
{
R
2(λ1−1−γ1)
x,t−s |x|2(µ−µ˜)J2(1−γ˜1)x,t−s ρ(y)2(µ˜−2)
×
∫
D
R
2(λ2−1−γ2)
y,t−s |y|2(µ˜−µ)J2(1−γ˜2)x,t−s ρ(x)2(1−µ˜)
e−σ
|x−y|2
t−s
t− s dy
}
= sup
0<s<t
{ |x|2(λ1−1−γ1+µ−µ˜)(√
t− s+ |x|)2(λ1−1−γ1)
ρ(x)2(µ˜−1−γ˜1)(√
t− s+ ρ(x))2(1−γ˜1)
×
∫
D
|y|2(λ2−1−γ2+µ˜−µ)(√
t− s+ |y|)2(λ2−1−γ2)
ρ(y)2(2−µ˜−γ˜2)(√
t− s+ ρ(y))2(1−γ˜2)
e−σ
|x−y|2
t−s
t− s dy
}
≤C sup
0<s<t
{
R
2(λ1−1−γ1+µ−µ˜)
x,t−s J
2(µ˜−γ˜1)
x,t−s
}
· ρ(x)−2.
Thus, Estimate (2.9) is proven if
sup
0<s<t
x∈D
{
R
2(λ1−1−γ1+µ−µ˜)
x,t−s J
2(µ˜−γ˜1)
x,t−s
}
≤ C <∞.
But this is guaranteed by the fact that 0 < Jx,t−s ≤ Rx,t−s ≤ 1 and the restrictions (2.6) on γ1, γ˜1.
Case 2. p > 2. In this case ‖I2,p(x, ·, t)‖p−1L 2(p−1)
p−2
(0,t;R) is given by
(∫ t
0
(
R
(λ1−1−γ1)p′
x,t−s J
(1−γ˜1)p′
x,t−s |x|(µ−2)p
′
w(x)(µ˜−2)p
′
×
∫
D
R
(λ2−1−γ2)p′
y,t−s J
(1−γ˜2)p′
y,t−s |y|(1−µ)p
′
w(y)(1−µ˜)p
′ · e
−σ |x−y|2
t−s
t− s dy
) 2(p−1)
p−2
ds
) p−2
2
.
By Lemma 4.1, the inner integral can be estimated by a constant times
(|x|+√t− s)(µ˜−µ)p′(ρ(x) +√t− s)(1−µ˜)p′ ,
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since 2− µ˜− γ˜2 > −1/p′ and λ2−µ− 1− γ1− γ˜1 > −2/p′ by (2.7). Inserting this and putting terms
together yields∥∥I2,p(x, ·, t)∥∥p−1L 2(p−1)
p−2
(0,t;R)
≤ C
(∫ t
0
R
(λ1−1−γ1+µ−µ˜) 2pp−2
x,t−s
ρ(x)
(
µ˜−γ˜1− p−2p
)
2p
p−2 ρ(x)2−
2p
p−2(
ρ(x) +
√
t− s)(µ˜−γ˜1− p−2p ) 2pp−2+2 ds
) p−2
2
= C
(∫ t
0
R
(λ1−1−γ1+µ−µ˜) 2pp−2
x,t−s
ρ(x)
(
µ˜−γ˜1− p−2p
)
2p
p−2(
ρ(x) +
√
t− s)(µ˜−γ˜1− p−2p ) 2pp−2+2 ds
) p−2
2
ρ(x)−2.
Thus, Estimate (2.9) follows if
sup
x∈D
t>0
∫ t
0
R
(λ1−1−γ1+µ−µ˜) 2pp−2
x,t−s
ρ(x)
(
µ˜−γ˜1− p−2p
)
2p
p−2(
ρ(x) +
√
t− s)(µ˜−γ˜1−p−2p ) 2pp−2+2 ds ≤ C <∞.
But this follows from Lemma 4.5 if
γ˜1 < µ˜− 1
p′
+
1
p
and γ1 + γ˜1 < λ1 + µ− 2
p′
,
which is satisfied due to (2.6).
Step 2. We go back to the full estimate
E
∥∥Gsh∥∥pLp(D×(0,T ))
= E
∫ ∞
0
∫
D
∣∣(Gsh)(t, x)∣∣p dxdt
≤ C E
∫ ∞
0
∫
D
∫ t
0
∫
D
Rγ1px,t−s
ρ(x)2
Rγ2py,t−sJ
γ˜1p
x,t−sJ
γ˜2p
y,t−s|h(s, y)|pℓ2 ·
e−σ
|x−y|2
t−s
t− s dy ds dxdt
= C E
∫ ∞
0
∫
D
(∫ ∞
s
Rγ2py,t−sJ
γ˜2p
y,t−s
∫
D
Rγ1px,t−sJ
γ˜1p
x,t−s
ρ(x)2
· e
−σ |x−y|2
t−s
t− s dxdt
)
|h(s, y)|pℓ2 dy ds.
Thus, it suffices to prove that
A := sup
0<s<∞
y∈D
∫ ∞
s
Rγ2py,t−sJ
γ˜2p
y,t−s
∫
D
Rγ1px,t−sJ
γ˜1p
x,t−s
ρ(x)2
· e
−σ |x−y|2
t−s
t− s dxdt ≤ C <∞.
For the inner integral we obtain, by another application of Lemma 4.1,
∫
D
Rγ1px,t−sJ
γ˜1p
x,t−s
ρ(x)2
· e
−σ |x−y|2
t−s
t− s dx =
∫
D
Rγ1px,t−sJ
γ˜1p−2
x,t−s
(√
t− s+ ρ(x))−2 · e−σ |x−y|
2
t−s
t− s dx
≤ C(√t− s+ ρ(y))−2,
since γ1 + γ˜1 > 0 and γ˜1 > 1/p by (2.6). Thus,
A ≤ C sup
0<s<∞
y∈D
∫ ∞
s
Rγ2py,t−s
ρ(y)γ˜2p(√
t− s+ ρ(y))γ˜2p+2 dt ≤ C <∞,
since γ2 + γ˜2 > 0 and γ˜2 > 0 by (2.7). 
With an analogous technique, we can prove the following Lp-estimate for the deterministic con-
volution (2.2).
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Theorem 2.3. Let 1 < p <∞ and let Θ, θ ∈ R satisfy (2.3). Then there exists a finite constant C,
independent of g and T , such that∥∥∥∥t 7→
∫ t
0
∫
D
G(t− s, ·, y)f(s, y) dy ds
∥∥∥∥
Lp,Θ−p,θ−p(D,T )
≤ C ‖f‖Lp,Θ+p,θ+p(D,T ).
Proof. Since the proof follows the lines of the proof of Theorem 2.1 very closely, it is left to the
reader. 
3. Weighted Lp-Sobolev regularity for the stochastic heat equation
In this section we use the Lp-estimates proven in Section 2 to establish existence and higher order
regularity for the stochastic heat equation (1.1). We use weighted Sobolev spaces Hnp,Θ,θ(D) with
mixed weights to measure the spatial regularity. They are defined as follows: For n ∈ N0, Θ, θ ∈ R,
and 1 < p < ∞, let Hnp,Θ,θ(D) be the collection of all (equivalence classes of) locally integrable
real-valued functions u on D such that
‖u‖pHn
p,Θ,θ(D) :=
∑
|α|≤n
∫
D
∣∣ρ|α|Dαu∣∣pρθ−2◦ ( ρρ◦
)Θ−2
dx =
∑
|α|≤n
‖ρ|α|Dαu‖pLp,Θ,θ(D,T ) <∞,
where for α ∈ N20, Dα = Dαx is the α partial derivative with respect to x ∈ D and, as before, ρ
denotes the distance to the boundary ∂D while ρ◦ is the distance to the vertex x0 := 0 of the domain
D. Moreover, we define H−np,Θ,θ(D) := (Hnp′,Θ′,θ′(D))∗ to be the dual of Hnp′,Θ′,θ′(D) with
1
p
+
1
p′
= 1,
Θ
p
+
Θ′
p′
= 2,
θ
p
+
θ′
p′
= 2.
For ℓ2-valued functions and n ∈ Z, the spaces Hnp,Θ,θ(D; ℓ2) are defined analogously with |·| re-
placed by |·|ℓ2 . Obviously, (Hnp,Θ,θ(D), ‖·‖Hnp,Θ,θ(D)) and (Hnp,Θ,θ(D; ℓ2), ‖·‖Hnp,Θ,θ(D;ℓ2)) are separable,
reflexive Banach spaces for every n ∈ Z.
To formulate our conditions on the different parts of the equation we will use the spaces
H
n
p,Θ,θ(D, T ) := Lp(ΩT ,PT ,P⊗ dt;Hnp,Θ,θ(D))
of p-Bochner integrableHnp,Θ,θ(D)-valued predictable stochastic processes; Hnp,Θ,θ(D, T ; ℓ2) is defined
analogously. Obviously, for n = 0,
Lp,Θ,θ(D) = H0p,Θ,θ(D), Lp,Θ,θ(D, T ) = H0p,Θ,θ(D, T ), and Lp,Θ,θ(D, T ; ℓ2) = H0p,Θ,θ(D, T ; ℓ2).
Our analysis of Equation (1.1) will take place within the following spaces.
Definition 3.1. For 2 ≤ p < ∞, n ∈ N, and Θ, θ ∈ R we write Hnp,Θ,θ,0(D, T ) for the collection of
all u ∈ Hnp,Θ−p,θ−p(D, T ) for which there exist f ∈ Hn−2p,Θ+p,θ+p(D, T ) and g ∈ Hn−1p,Θ,θ(D, T ; ℓ2), such
that
du = f dt+ gk dwkt , t ∈ (0, T ],
on D in the sense of distributions with u(0, ·) = 0, that is, for any ϕ ∈ C∞0 (D), with probability one,
the equality
(u(t, ·), ϕ) =
∫ t
0
(f(s, ·), ϕ) ds+
∞∑
k=1
∫ t
0
(gk(s, ·), ϕ) dwks (3.1)
holds for all t ≤ T . In this situation we also write
Du := f and Su := g
for the deterministic part and the stochastic part, respectively. Moreover,
‖u‖Hn
p,Θ,θ,0(D,T ) := ‖u‖Hnp,Θ−p,θ−p(D,T )+‖Du‖Hn−2p,Θ+p,θ+p(D,T )+‖Su‖Hn−1p,Θ,θ(D,T ;ℓ2), u ∈ H
n
p,Θ,θ,0(D, T ).
Remark 3.2. (i) In the setting of Definition 3.1, (Hnp,Θ,θ,0(D, T ), ‖·‖Hnp,Θ,θ,0(D,T )) is a Banach space.
The latter is not immediately clear but can be proven, for instance, by extending [1, Lemma 2.7]
appropriately. The details are presented in Appendix A.
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(ii) Hardy’s inequality and the fact that C∞0 (D) is densely embedded inH1p,Θ,θ(D) for all 1 < p <∞
and Θ, θ ∈ R (see Lemma B.1) can be used to verify that for arbitrary θ ∈ R and 1 < p <∞,
H1p,d−p,θ−p(D) = K˚1p,θ−p(D) with equivalent norms, where K˚1p,θ−p(D) is the closure of C∞0 (D)
with respect to the norm
‖u‖K1
p,θ−p(D) =
( ∑
|α|≤1
∫
D
∣∣ρ|α|◦ Dαu∣∣pρθ−p−2◦ dx
)1/p
, u ∈ C∞0 (D).
As a consequence, the spaceH1p,d,θ,0(D, T ) coincides (equivalent norms) with the spaceK1p,θ,0(D)
introduced in [1, Definition 2.2] and with the space K1p,θ(O, T ) introduced in [2, Definition 3.4],
see also [1, Remark 2.3].
In this article, Equation (1.1) is to be understood in the following way.
Definition 3.3. Let 2 ≤ p <∞, n ∈ N, and Θ, θ ∈ R. We say that u is the solution to Eq. (1.1) in
the class Hnp,Θ,θ,0(D, T ) if u ∈ Hnp,Θ,θ,0(D, T ) with
Du = ∆u+ f and Su = g.
Our main result concerning existence and regularity for Equation (1.1) reads as follows.
Theorem 3.4. Let 2 ≤ p <∞, let n ∈ N0, and let Θ, θ ∈ R satisfy (2.3). Furthermore, assume that
f ∈ H(n−1)∨0p,Θ+p,θ+p(D, T ), g ∈ Hnp,Θ,θ(D, T ; ℓ2), and let
uS,g(t, x) =
∞∑
k=1
∫ t
0
∫
D
G(t− s, x, y)gk(s, y) dy dwks (3.2)
be the stochastic convolution, while
uD,f(t, x) =
∫ t
0
∫
D
G(t− s, x, y)f(s, y) dy ds (3.3)
is the deterministic convolution. Then u := uD,f + uS,g is a solution to Eq. (1.1) in the class
H
n+1
p,Θ,θ,0(D, T ). Moreover,
‖u‖p
H
n+1
p,Θ,θ,0(D,T )
≤ C (‖f‖p
H
(n−1)∨0
p,Θ+p,θ+p(D,T )
+ ‖g‖p
Hn
p,Θ,θ(D,T ;ℓ2)
)
(3.4)
with a constant C that does not depend on T .
Proof. Step 1. We first consider ‘nice’ forcing terms by assuming that f ∈ H(n−1)∨0p,Θ+p,θ+p(D, T ) ∩
Lp,d,θ+p(D, T ) and g ∈ Hnp,Θ,θ(D, T ; ℓ2)∩Lp,d,θ(D, T ; ℓ2). Then we already know that u = uD,f +uS,g
is a solution to Eq. (1.1) in the class H1p,d,θ,0(D, T ) due to [2, Theorem 3.7], see also Remark 3.2(ii)
above. Moreover, by [1, Theorem 2.5] it holds that
‖u‖p
H
n+1
p,Θ−p,θ−p(D,T )
≤ C
(
‖u‖p
Lp,Θ−p,θ−p(D,T ) + ‖f‖
p
H
(n−1)∨0
p,Θ+p,θ+p(D,T )
+ ‖g‖p
Hn
p,Θ,θ(D,T ;ℓ2)
)
with a constant that does not depend on T . Thus, by Theorems 2.1 and 2.3, Estimate (3.4) holds
and u is a solution to Eq. (1.1) in the class Hn+1p,Θ,θ,0(D, T ).
Step 2. Let us now assume that f ∈ H(n−1)∨0p,Θ+p,θ+p(D, T ) and g ∈ Hnp,Θ,θ(D, T ; ℓ2). Then there exist se-
quences (fj)j∈N ⊆ H(n−1)∨0p,Θ+p,θ+p(D, T )∩Lp,d,θ+p(D, T ) and (gj)j∈N ⊆ Hnp,Θ,θ(D, T ; ℓ2)∩Lp,d,θ(D, T ; ℓ2),
such that
lim
j→∞
(
‖fj − f‖H(n−1)∨0
p,Θ+p,θ+p(D,T )
+ ‖gj − g‖Hn
p,Θ,θ(D,T ;ℓ2)
)
= 0.
By Step 1, for all j ∈ N it holds that uj := uD,fj + uS,gj ∈ Hn+1p,Θ,θ(D, T ) and
duj = (∆uj + fj) dt+ g
k
j dw
k
t , t ∈ (0, T ],
on D in the sense of distributions with uj(0, ·) = 0. Moreover,
‖uj‖p
H
n+1
p,Θ,θ,0(D,T )
≤ C (‖fj‖p
H
(n−1)∨0
p,Θ+p,θ+p(D,T )
+ ‖gj‖pHn
p,Θ,θ(D,T ;ℓ2)
)
, j ∈ N,
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and
‖uj − ui‖Hn+1
p,Θ,θ,0(D,T ) ≤ C
(‖fj − fi‖p
H
(n−1)∨0
p,Θ+p,θ+p
(D,T ) + ‖gj − gi‖Hnp,Θ,θ(D,T ;ℓ2)
)
, i, j ∈ N,
with a constant C independent of T . Thus, due to the completeness of Hn+1p,Θ,θ,0(D, T ), there exists a
limit u˜ ∈ Hn+1p,Θ,θ,0(D, T ) of (uj)j∈N in Hn+1p,Θ,θ,0(D, T ). Its deterministic part is given by Du˜ = ∆u˜ and
its stochastic part is Su˜ = g. In other words, u˜ is a solution to Eq. (1.1) in the class Hn+1p,Θ,θ,0(D, T ).
It remains to prove that u˜ is a version of u = uD,f + uS,g. To see this note that for all j ∈ N,
‖u˜− u‖Lp,Θ−p,θ−p(D,T ) ≤ ‖u˜− uj‖Lp,Θ−p,θ−p(D,T ) + ‖uj − u‖Lp,Θ−p,θ−p(D,T ).
The first norm on the right hand side goes to zero for j → ∞ since (uj)j∈N converges to u˜ in
H1p,Θ,θ,0(D, T ) and therefore in Lp,Θ−p,θ−p(D, T ) for j →∞. The second term converges to zero due
to the estimates from Theorem 2.1 and Theorem 2.3. Thus, u˜ = u in Lp,Θ−p,θ−p(D, T ) and (3.4)
holds. 
4. Auxiliary estimates
The proof of Theorem 2.1 is based on the two auxiliary results presented in Lemma 4.1 and
Lemma 4.5 below. As before, we fix an arbitrary angle 0 < κ0 < 2π and write D = Dκ0 for the
dihedral angle defined in (1.2). Recall the definition of Rx,c and Jx,c for x ∈ D and c > 0 from (2.4).
Lemma 4.1. For all σ > 0, all α1, α2 ∈ R and all β1, β2 ∈ R such that β2 > −1 and β1 + β2 > −2,
there exists a constant C = C(σ, β1, β2, α1, α2) <∞ such that
sup
x∈D
∫
D
( |y|
1 + |y|
)β1( ρ(y)
1 + ρ(y)
)β2(1 + |y|
1 + |x|
)α1(1 + ρ(y)
1 + ρ(x)
)α2
e−σ|x−y|
2
dy ≤ C. (4.1)
In particular, for all s < t and all x ∈ D it holds that∫
D
Rβ1y,t−sJ
β2
y,t−s
(√
t− s+ |y|)α1(√t− s+ ρ(y))α2 e−σ |x−y|
2
t−s
t− s dy
≤ C(√t− s+ |x|)α1(√t− s+ ρ(x))α2
with C ∈ (0,∞) independent of x, t, s.
Proof. The first estimate follows from the special cases treated in Lemma 4.2, Lemma 4.3, and
Lemma 4.4 below by a simple application of Ho¨lder’s inequality. And the second estimate follows
from the first one, since |ax| = a|x| and ρ(ax) = aρ(x) for all a > 0 and all x ∈ D, so that∫
D
( |y|√
t− s+ |y|
)β1( ρ(y)√
t− s+ ρ(y)
)β2
×
(√
t− s+ |y|√
t− s+ |x|
)α1(√t− s+ ρ(y)√
t− s+ ρ(x)
)α2 e−σ |x−y|2t−s
t− s dy
=
∫
D
( | 1√
t−sy|
1 + | 1√
t−sy|
)β1( ρ( 1√
t−sy)
1 + ρ( 1√
t−sy)
)β2
×
(1 + | 1√
t−sy|
1 + | 1√
t−sx|
)α1(1 + ρ( 1√
t−sy)
1 + ρ( 1√
t−sx)
)α2 e−σ
∣∣ 1√
t−s (x−y)
∣∣2
t− s dy
=
∫
D
( |z|
1 + |z|
)β1( ρ(z)
1 + ρ(z)
)β2
×
(
1 + |z|
1 + | 1√
t−sx|
)α1( 1 + ρ(z)
1 + ρ( 1√
t−sx)
)α2
e
−σ
∣∣ 1√
t−sx−z
∣∣2
dz
≤C(σ, β1, β2, α1, α2) <∞. 
We first prove (4.1) with α1 = α2 = 0.
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Lemma 4.2. For all σ > 0 and all β1, β2 ∈ R such that β2 > −1 and β1 + β2 > −2, there exists a
constant C = C(σ, β1, β2) <∞ such that
sup
x∈D
∫
D
( |y|
1 + |y|
)β1( ρ(y)
1 + ρ(y)
)β2
e−σ|x−y|
2
dy ≤ C.
Proof. We first prove that, under the given assumptions on β1, β2 ∈ R it holds that
sup
x∈D
∫
D
1{ρ≤1}(y)
( |y|
1 + |y|
)β1( ρ(y)
1 + ρ(y)
)β2
e−σ|x−y|
2
dy <∞. (4.2)
To see this, first note that for arbitrary a ≥ 0 it holds that
a
1 + a
≤ (a ∧ 1) ≤ 2 a
1 + a
.
Therefore,∫
D
1{ρ≤1}(y)
( |y|
1 + |y|
)β1( ρ(y)
1 + ρ(y)
)β2
e−σ|x−y|
2
dy
≤ Cβ1,β2
(∫
D
1{ρ◦≤1}(y)|y|β1ρ(y)β2 dy +
∫
D
1{ρ≤1,ρ◦≥1}(y)ρ(y)
β2e−σ|x−y|
2
dy
)
=: Cβ1,β2
(
I + II
)
,
where
I =
∫ 1
0
∫ pi
2 ∧
κ0
2
0
rβ1rβ2 sin(ϑ)β2r dr dϑ
+
∫ 1
0
∫ κ0−(pi2 ∧κ02 )
pi
2 ∧
κ0
2
rβ1rβ2r dr dϑ+
∫ 1
0
∫ κ0
κ0−(pi2 ∧
κ0
2 )
rβ1rβ2 sin(κ0 − ϑ)β2r dr dϑ
≤ Cβ2
∫ 1
0
rβ1+β2+1 dr
∫ π/2
0
sin(ϑ)β2 dϑ ≤ Cβ1,β2 <∞,
since β1 + β2 > −2, and
II ≤ 2
∫ ∞
0
∫ 1
0
yβ22 dy2 · e−σ|x1−y1|
2
dy1 ≤ Cβ2,σ <∞,
since β2 > −1 by assumption. Thus, (4.2) holds. Moreover,∫
D
1{ρ≥1}(y)
( |y|
1 + |y|
)β1( ρ(y)
1 + ρ(y)
)β2
e−σ|x−y|
2
dy
≤ Cβ1,β2
∫
R2
e−σ|x−y|
2
dy = Cβ1,β2
∫
R2
e−σ|y|
2
dy = Cβ1,β2,σ <∞,
which, together with (4.2), proves the assertion. 
Next, we prove an estimate on Rd with d ∈ N, which has (4.1) with α2 = β2 = 0 as a special case.
Lemma 4.3. For all d ∈ N, all σ > 0, all α ∈ R, and all β > −d, there exists a constant
C = C(d, σ, α, β) <∞, such that
sup
x∈Rd
∫
Rd
( |y|
1 + |y|
)β(
1 + |y|
1 + |x|
)α
e−σ|x−y|
2
dy ≤ C.
Proof. Throughout this proof, the letter C is used for a finite positive constant that does not
depend on x. This constant may vary at any appearance. Note that, due to Ho¨lder’s inequality, it is
enough to prove the statement for α = 0 and β > −d on the one hand and for α ∈ R and β = 0 on
the other hand. We start with the first case:
Case 1. α = 0 and β > −d. In this case, we have to show that∫
Rd
e−σ|x−y|
2
( |y|
1 + |y|
)β
dy ≤ C.
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We argue as follows:∫
Rd
e−σ|x−y|
2
( |y|
1 + |y|
)β
dy
=
∫
|y|≤1
e−σ|x−y|
2
( |y|
1 + |y|
)β
dy +
∫
|y|≥1
e−σ|x−y|
2
( |y|
1 + |y|
)β
dy
≤ Cβ
∫
|y|≤1
e−σ|x−y|
2 |y|β dy + Cβ
∫
|y|≥1
e−σ|x−y|
2
dy
≤ Cβ
∫
|y|≤1
|y|β dy + Cβ
∫
Rd
e−σ|x−y|
2
dy ≤ Cβ,σ,d <∞,
since β > −d and the value of the last integral does not depend on x.
Case 2. β = 0. We distinguish two sub-cases.
Case 2.1. β = 0 and α > 0. Recall that for arbitrary α > 0 and a, b ≥ 0,
2(1∧α)−1(aα + bα) ≤ (a+ b)α ≤ 2(1∨α)−1(aα + bα).
Using this, we obtain∫
Rd
e−σ|x−y|
2(
1 + |y|)α dy
≤ Cα
∫
Rd
e−σ|x−y|
2[(
1 + |x|)α + |y − x|α]dy
≤ Cα
(
1 + |x|)α ∫
Rd
e−σ|x−y|
2
dy + Cα
∫
Rd
|y − x|αe−σ|x−y|2 dy
≤ Cα
(
1 + |x|)α ∫
Rd
e−σ|y|
2
dy + Cα
∫
Rd
|y|αe−σ|y|2 dy ≤ Cα,σ,d,
since
{
y 7→ |y|} ∈ Lα(Rd, e−σ|y|2dy) for all α ≥ 0.
Case 2.2. β = 0 and α < 0. This is the rather difficult case. We start by splitting the integral the
following way:∫
Rd
e−σ|x−y|
2(
1 + |y|)α dy = (∫
|y|≤ |x|2
+
∫
|y|≥ |x|2
)
e−σ|x−y|
2(
1 + |y|)α dy.
Since α < 0, the second integral on the right hand side can be estimated as follows:∫
|y|≥ |x|2
e−σ|x−y|
2(
1 + |y|)α dy ≤ Cα(1 + |x|)α
∫
|y|≥ |x|2
e−σ|x−y|
2
dy
≤ Cα
(
1 + |x|)α ∫
Rd
e−σ|y|
2
dy ≤ Cα,σ,d(1 + |x|)α.
Since |y − x| ≥ |x|/2 if |y| ≤ |x|/2, the other part of the integral (|y| ≤ |x|/2) can be treated as
follows: ∫
|y|≤ |x|2
e−σ|x−y|
2(
1 + |y|)α dy ≤ ∫
|y|≤ |x|2
e−σ|x−y|
2
dy
≤
∫
|y|≤ |x|2
e−σ
|x|2
4 dy
= e−σ
|x|2
4
∫
|y|≤ |x|2
dy
≤ Cd |x|d e−σ
|x|2
4 ≤ Cd · e−σ
|x|2
4
(
1 + |x|d).
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Thus, ∫
|y|≤ |x|2
e−σ|x−y|
2
(
1 + |y|
1 + |x|
)α
dy
=
∫
|y|≤ |x|2
e−σ|x−y|
2(
1 + |y|)α dy · (1 + |x|)−α
≤ Cd · e−σ
|x|2
4
(
1 + |x|d)(1 + |x|)−α ≤ Cd · e−σ |x|24 (1 + |x|)d−α.
Since α < 0, the second term on the right hand side is continuous w.r.t. x ∈ Rd and it converges to
zero for |x| → ∞; thus, it is bounded by a constant that depends only on α, d, and σ. 
The last piece needed in the proof of Lemma 4.1 is the special case β1 = β2 = α1 = 0 in (4.1).
Lemma 4.4. For all σ > 0 and all α ∈ R, there exists a constant C = C(σ, α) <∞, such that
sup
x∈D
∫
D
(
1 + ρ(y)
1 + ρ(x)
)α
e−σ|x−y|
2
dy ≤ C.
Proof. We distinguish two cases.
Case 1. α > 0. We split the domain into the following subdomains
D1 :=
{
x = (r cos(ϑ), r sin(ϑ)) ∈ R2 : 0 < r <∞, 0 < ϑ < (π2 ∧ κ02 )}
D2 :=
{
x = (r cos(ϑ), r sin(ϑ)) ∈ R2 : 0 < r <∞, (π2 ∧ κ02 ) < ϑ < κ0 − (π2 ∧ κ02 )}
D3 :=
{
x = (r cos(ϑ), r sin(ϑ)) ∈ R2 : 0 < r <∞, κ0 −
(
π
2 ∧ κ02
)
< ϑ < κ0
}
and distinguish three sub-cases.
Case 1.1. x ∈ D2. In this case, ρ(x) = |x|, so that the assertion follows from Lemma 4.3 since
ρ(y) ≤ |y| for all y ∈ D.
Case 1.2. x ∈ D1. First note that ρ(x) = x2 for x = (x1, x2) ∈ D1. If κ0 ≤ π, then∫
D
(
1 + ρ(y)
)α
e−σ|x−y|
2
dy = 2
∫
D1
(
1 + ρ(y)
)α
e−σ|x−y|
2
dy
≤ 2
∫ ∞
0
∫ ∞
0
(
1 + y2
)α
e−σ|x2−y2|
2
dy2 · e−σ|x1−y1|
2
dy1,
so that an application of Lemma 4.3 with d = 1 and β = 0 yields∫
D1
(
1 + ρ(y)
)α
e−σ|x−y|
2
dy ≤ Cα,σ
(
1 + x2
)α ∫
R
e−σ|y1|
2
dy1 ≤ Cα,σ
(
1 + ρ(x)
)α
.
If κ0 > π we split the integral the following way (convention: R
d
− := {x ∈ Rd : x1 < 0} and
R2+ := {x ∈ Rd : x1 > 0}):∫
D
(
1 + ρ(y)
)α
e−σ|x−y|
2
dy
=
(∫
D1
+
∫
(D2∪D3)∩R2−
+
∫
D3∩R2+
)(
1 + ρ(y)
)α
e−σ|x−y|
2
dy
=: I + II + III.
Similar arguments as in the case κ0 ≤ π lead to
I ≤ Cα,σ
(
1 + x2
)α ∫
R
e−σ|y1|
2
dy1 ≤ Cα,σ
(
1 + ρ(x)
)α
.
For estimating II we first note that for all x1 > 0, y1 ∈ R, that
1(−∞,0)(y1) · e−σ|x1−y1|
2 ≤ 1(−∞,0)(y1) · e−σ|y1|
2
.
12 PETRU A. CIOICA-LICHT
Thus, by Lemma 4.3 with d = 2 and β = 0,
II =
∫
(D2∪D3)∩R2−
(
1 + ρ(y)
)α
e−σ|x−y|
2
dy
≤
∫
R2−
(
1 + |y|)αe−σ|(0,x2)−y|2 dy ≤ Cα,σ(1 + |(0, x2)|)α = Cα,σ(1 + ρ(x))α.
Finally, if D3 ∩ R2+ 6= ∅, we write ρ˜ := dist(·, (R1+ × {0})) and find that
III =
∫
D3∩R2+
(
1 + ρ(y)
)α
e−σ|x−y|
2
dy
≤
∫
D3∩R2+
(
1 + ρ˜(y)
)α
e−σ|x−y|
2
dy
≤
∫ ∞
0
∫ 0
−∞
(
1 + |y2|
)α
e−σ|x2−y2|
2
dy2 · e−σ|x1−y1|
2
dy1,
so that another application of Lemma 4.3 with d = 1 and β = 0 guarantees
III ≤ Cα,σ
(
1 + ρ(x)
)α
,
which together with the estimates above yields the assertion also for x ∈ D1.
Case 1.3. x ∈ D3. This follows from Case 2 after suitable rotation and reflection due to the symmetry
of the domain D.
Case 2. α < 0. Let x ∈ D. Then∫
D
(
1 + ρ(y)
)α
e−σ|x−y|
2
dy
=
(∫
D∩{ρ<ρ(x)/2}
+
∫
D∩{ρ≥ρ(x)/2}
)(
1 + ρ(y)
)α
e−σ|x−y|
2
dy.
Since α < 0, the second integral on the right hand side is easily estimated:∫
D∩{ρ≥ρ(x)/2}
(
1 + ρ(y)
)α
e−σ|x−y|
2
dy ≤ Cα
(
1 + ρ(x)
)α ∫
R2
e−σ|y|
2
dy
≤ Cα,σ
(
1 + ρ(x)
)α
.
To estimate the first integral on the right hand side above, we first note that for y ∈ D if ρ(y) <
ρ(x)/2, then |y − x| > ρ(x)/2. Thus,∫
D∩{ρ<ρ(x)/2}
(
1 + ρ(y)
)α
e−σ|x−y|
2
dy ≤ Cα
∫
D∩{ρ<ρ(x)/2}
e−
σ
2 |x−y|
2 · e−σ2 |x−y|2 dy
≤ Cα e−
σ
8 ρ(x)
2
∫
D∩{ρ<ρ(x)/2}
e−
σ
2 |x−y|
2
dy
≤ Cα,σ e−
σ
8 ρ(x)
2
,
and therefore,∫
D∩{ρ<ρ(x)/2}
(
1 + ρ(y)
1 + ρ(x)
)α
e−σ|x−y|
2
dy ≤ Cα,σ e−
σ
8 ρ(x)
2(
1 + ρ(x)
)−α ≤ Cα,σ <∞.
All in all, the assertion is proved also for α < 0. 
Finally, in the proof of Theorem 2.1 we also make use of the following basic estimate.
Lemma 4.5. For arbitrary α > 0,
sup
A>0
∫ ∞
0
Aα
(A+
√
s)α+2
ds ≤ 2
α
<∞.
Proof. The proof follows by basic calculations and is left to the reader. 
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Appendix A. Some properties of the spaces Hnp,Θ,θ,0(D, T )
In this section we prove some fundamental properties of the spaces Hnp,Θ,θ,0(D, T ) for 2 ≤ p <∞,
n ∈ N, and Θ, θ ∈ R. In particular, we establish completeness of these spaces by proving the following
estimate.
Lemma A.1. Let 2 ≤ p <∞, let Θ, θ ∈ R, and let 1 < Θ < p+ 1. Assume that u ∈ H1p,Θ,θ,0(D, T )
satisfies
du = f dt+ gk dwkt , t ∈ (0, T ],
on D in the sense of distributions with u(0, ·) = 0 for some f ∈ H−1p,Θ+p,θ+p(D, T ) and g ∈
Lp,Θ,θ(D, T ; ℓ2). Then
E
[
sup
t≤T
‖u(t, ·)‖pLp,Θ,θ(D)
]
≤ C
(
‖u‖p
H1
p,Θ−p,θ−p
(D,T ) + ‖f‖pH−1
p,Θ+p,θ+p(D,T )
+ ‖g‖p
Lp,Θ,θ(D,T ;ℓ2)
)
(A.1)
with C = C(p,Θ, θ, κ0, T ).
For the proof of Lemma A.1 we will use estimates of the norm on Lp,Θ,θ(D) by means of suitably
weighted series of weighted norms of proper localizations on a C1-subdomain G ⊂ D. To state
these representations, we write for arbitrary domains G ⊂ Rd with non-empty boundary ∂G 6= ∅,
1 < p <∞, and Θ ∈ R,
Lp,Θ(G) := Lp(G,B(G), ρG(x)Θ−d dx;R),
where ρG := dist(·, G).
Lemma A.2. Let u : D → R be a measurable function, let 1 < p <∞, and let Θ, θ ∈ R.
(i) For every ξ ∈ C∞0 ((0,∞)), there exists a constant C = C(θ, p, ξ), such that∑
n∈Z
enθ
∫
D
∣∣ξ(·)u(en·)∣∣p(ρD
ρ◦
)Θ−2
dx ≤ C
∫
D
|u|pρθ−2◦
(
ρD
ρ◦
)Θ−2
dx.
(ii) For every ξ ∈ C∞0 ((0,∞)) and G ⊂ D, such that ρG ∼ ρD on supp ξ∩D, there exists a constant
C = C(θ, p,Θ, ξ, G), such that
∑
n∈Z
enθ
∫
G
∣∣ξ(·)u(en·)∣∣p(ρG
ρ◦
)Θ−2
dx ≤ C
∫
D
|u|pρθ−2◦
(
ρD
ρ◦
)Θ−2
dx.
(iii) For every ξ ∈ C∞0 ((0,∞)) such that
∞∑
n=−∞
ξ(en+t) > c > 0, ∀ t ∈ R, (A.2)
there exists a constant C = C(θ, p, ξ) such that∫
D
|u|pρθ−2◦
(
ρD
ρ◦
)Θ−2
dx ≤ C
∑
n∈Z
enθ
∫
D
∣∣ξ(·)u(en·)∣∣p(ρD
ρ◦
)Θ−2
dx.
(iv) For every ξ ∈ C∞0 ((0,∞)) and G ⊂ D, such that (A.2) holds and ρG ∼ ρD on supp ξ ∩ D,
there exists a constant C = C(θ, p, ξ,Θ, G) such that∫
D
|u|pρθ−2◦
(
ρD
ρ◦
)Θ−2
dx ≤ C
∑
n∈Z
enθ
∫
G
∣∣ξ(·)u(en·)∣∣p(ρG
ρ◦
)Θ−2
dx.
In particular, for every ξ ∈ C∞0 ((0,∞)) and G ⊆ D such that ρG ∼ ρD on supp ξ ∩D it holds that∑
n∈Z
enθ‖ξ(·)u(en·)‖pLp,Θ(G) ≤ C(Θ, θ, p, ξ, G)‖u‖
p
Lp,Θ,θ(D). (A.3)
If, in addition, (A.2) holds, then also
‖u‖pLp,Θ,θ(D) ≤ C(Θ, θ, p, ξ, G)
∑
n∈Z
enθ‖ξ(·)u(en·)‖pLp,Θ(G). (A.4)
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Proof. This lemma can be proved by following the lines of the proof of [1, Lemma 4.1], see also [16,
Remark 1.3], by noting that the ratio ρ/ρ◦ is invariant under positive dilations, i.e.,
ρ(αx)
ρ◦(αx)
=
ρ(x)
ρ◦(x)
for all x ∈ D, α > 0. 
The second ingredient that we use for the proof of Lemma A.1 is an analogous result on C1-
domains proven in [1, Lemma 4.2]. For the convenience of the reader we state the relevant part of [1,
Lemma 4.2] below in Lemma A.3. Therein we use the following notation: For an arbitrary domain
G ⊆ Rd with non-empty boundary ∂G 6= ∅ and 1 < p < ∞, we write (H1p,Θ(G), ‖·‖H1p,Θ(G)) for the
Banach space of all (equivalence classes of) locally integrable functions u : G→ R such that
‖u‖p
H1
p,Θ(G)
:=
∑
|α|≤1
‖u‖pLp,Θ+|α|p(G) <∞.
Moreover,
Lp,Θ(G, T ) := Lp(ΩT ,PT ,PT ;Lp,Θ(G)) and H1p,Θ(G, T ) := Lp(ΩT ,PT ,PT ;H1p,Θ(G)),
while
Lp,Θ(G; ℓ2) := Lp(G,B(G), ρΘ−2G dx; ℓ2) and Lp,Θ(G, T ; ℓ2) := Lp(ΩT ,PT ,PT ;Lp,Θ(G; ℓ2)).
In analogy to H1p,Θ,θ,0(D, T ), see also Lemma B.5 below, we write u ∈ H1,[0]p,Θ (G, T ) if there exist
f0 ∈ Lp,Θ+p(G, T ), f i ∈ Lp,Θ(G, T ), i = 1, 2, and g ∈ Lp,Θ(G, T ; ℓ2), such that
du = (f0 + f ixi) dt+ g
k dwkt , t ∈ (0, T ]
on G in the sense of distributions with u(0, ·) = 0, i.e., for all ϕ ∈ C∞0 (G) with probability one, the
equality
(u(t, ·), ϕ) =
∫ t
0
(f0(s, ·) + f ixi(s, ·), ϕ) ds+
∞∑
k=1
∫ t
0
(gk(s, ·), ϕ) dwks (A.5)
holds for all t ≤ T .
Lemma A.3 (Lemma 4.2 in [1]). Let G be a bounded C1 domain, Θ ∈ R, 2 ≤ p < ∞, and
u ∈ H1,[0]p,Θ (G, T ), such that
du =
(
f0 + f ixi
)
dt+ gk dwkt , t ∈ (0, T ],
on G, where f0 ∈ Lp,Θ+p(G, T ), f i ∈ Lp,Θ(G, T ), i = 1, 2, and g ∈ Lp,Θ(G, T ; ℓ2). Then there exists
a constant C = C(d, p,Θ, T,Θ), such that for all a > 0 it holds that
E
[
sup
t≤T
‖u(t, ·)‖pLp,Θ(G)
]
≤ C
(
a ‖u‖p
H1
p,Θ−p(G,T )
+a−1‖f0‖p
Lp,Θ+p(G,T )
+
2∑
i=1
a−1‖f i‖p
Lp,Θ(G,T )
+ ‖g‖p
Lp,Θ(G,T ;ℓ2)
)
.
(A.6)
Now we are ready to prove Lemma A.1.
Proof of Lemma A.1. We show that for arbitrary f0 ∈ Lp,Θ+p,θ+p(D, T ) and f i ∈ Lp,Θ,θ(D, T ),
i = 1, 2, such that f = f0 + f1x1 + f
2
x2 the estimate
E
[
sup
t≤T
‖u(t, ·)‖pLp,Θ,θ(D)
]
≤ C
(
‖u‖p
H1
p,Θ−p,θ−p(D,T )
+‖f0‖p
Lp,Θ+p,θ+p(D,T )
+
2∑
i=1
‖f i‖p
Lp,Θ,θ(D,T ) + ‖g‖
p
Lp,Θ,θ(D,T ;ℓ2)
) (A.7)
holds with a constant C = C(p,Θ, θ, κ0, T ). Then Estimate (A.1) follows by Lemma B.5.
Let U1 := {x ∈ D : 1 < |x| < 4} and V1 := {1/2 < |x| < 8}. Fix a constant ε ∈ (0, 1/4), and for
k ∈ {1, 2, 3}, let
U
(k)
1 := {x ∈ D : 2−kε < |x| < 22+kε}.
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Choose a C∞ radial non-negative function η = η(|x|) such that η(t) = 1 for t ∈ [1, 4] and η(t) = 0 if
t 6∈ [2−ε, 22+ε]. Also choose a C1 domain G ⊂ D such that
U
(2)
1 ⊂ G ⊂ U (3)1 ⊂ V1.
Note that, in particular, ∑
n∈Z
η(en+t) ≥ 1 > 0, t ∈ R.
By the choice of η and G, there exists C = C(ε) such that for all x ∈ D ∩ supp η,
C−1ρD(x) ≤ ρG(x) ≤ CρD(x). (A.8)
By Lemma A.2,
E
[
sup
t≤T
‖u(t, ·)‖pLp,Θ,θ(D)
]
≤ C
∑
n∈Z
enθ E
[
sup
t≤T
∥∥η(x)u(t, enx)∥∥p
Lp,Θ(G)
]
. (A.9)
For n ∈ Z, let vn(t, x) := η(x)u(t, enx). Then
dvn(t, x) =
[
e−nη(x)(f i(t, enx))xi + η(x)f
0(t, enx)
]
dt+ η(x)gk(t, enx) dwkt , t ∈ (0, T ],
on G with vn(0, ·) = 0. Note that for i = 1, 2 and n ∈ Z,
e−nη(x)(f i(t, enx))xi = e
−n[η(x)f i(t, enx)]xi − e−nηxi(x)f i(t, enx),
and
(vn)xi(t, x) = e
nη(x)uxi(t, e
nx)− ηxi(x)u(t, enx). (A.10)
Thus, if for all n ∈ N it holds that
vn(t, x) := η(x)u(t, e
nx) ∈ H1p,Θ−p(G, T ),
f0,n := η(x)f0(t, enx) − e−nηxi(x)f i(t, enx) ∈ Lp,Θ+p(G, T ),
f i,n := e−nη(x)f i(t, enx) ∈ Lp,Θ(G, T ), i = 1, 2, and
(gk,n)k∈N := (η(x)gk(t, enx))k∈N ∈ Lp,Θ(G, T ; ℓ2),


(A.11)
then we may apply Lemma A.3 and obtain for arbitrary a > 0 that
E
[
sup
t≤T
∥∥vn(t, ·)∥∥pLp,Θ(G)
]
≤ C
(
a ‖η(x)u(t, enx)‖p
Lp,Θ−p(G,T )
+ a
∑
i
enp‖η(x)uxi(t, enx)‖pLp,Θ(G,T )
+ a
∑
i
‖ηxi(x)u(t, enx)‖pLp,Θ(G,T ) + a−1
∑
i
‖η(x)f0(t, enx)‖p
Lp,Θ+p(G,T )
+ a−1e−np
∑
i
‖ηxi(x)f i(t, enx)‖pLp,Θ+p(G,T ) + a−1e−np
∑
i
‖η(x)f i(t, enx)‖p
Lp,Θ(G,T )
+ ‖η(x)gk(t, enx)‖p
Lp,Θ(G,T ;ℓ2)
)
,
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and, as a consequence (set a = e−np > 0 for n ∈ Z),
E
[
sup
t≤T
‖u(t, ·)‖pLp,Θ,θ(D)
]
≤ C
(∑
n
en(θ−p) ‖η(x)u(t, enx)‖p
Lp,Θ−p(G,T )
+
∑
n,i
enθ‖η(x)uxi(t, enx)‖pLp,Θ(G,T )
+
∑
n,i
en(θ−p) ‖ηxi(x)u(t, enx)‖pLp,Θ(G,T ) +
∑
n
en(θ+p)‖η(x)f0(t, enx)‖p
Lp,Θ+p(G,T )
+
∑
n,i
enθ‖ηxi(x)f i(t, enx)‖pLp,Θ+p(G,T ) +
∑
n,i
enθ‖η(x)f i(t, enx)‖p
Lp,Θ(G,T )
+
∑
n
enθ‖η(x)gk(t, enx)‖p
Lp,Θ(G,T ;ℓ2)
)
.
Using Lemma A.2, in particular (A.3), the terms on the right hand side can be estimated by a finite
constant times
‖u‖p
Lp,Θ−p,θ−p(D,T ) + ‖uxi‖
p
Lp,Θ,θ(D,T ) + ‖u‖
p
Lp,Θ,θ−p(D,T ) + ‖f
0‖p
Lp,Θ+p,θ+p(D,T )
+ ‖f i‖p
Lp,Θ+p,θ(D,T ) + ‖f
i‖p
Lp,Θ,θ(D,T ) + ‖g‖
p
Lp,Θ,θ(D,T ;ℓ2).
In particular, this shows that (A.11) holds for all n ∈ Z, and implies (A.7) since Lp,Θ1,θ0(D) →֒
Lp,Θ2,θ0(D) for all θ0 ∈ R and Θ1 ≤ Θ2. 
Corollary A.4. Let 1 < p < ∞, n ∈ N, and Θ, θ ∈ R. Then (Hnp,Θ,θ,0(D, T ), ‖·‖Hnp,Θ,θ,0(D,T )) is a
Banach space.
Proof. This follows from the fact that the the spacesHnp,Θ,θ(O, T ) andHnp,Θ,θ(O, T ; ℓ2) are separable
Banach spaces, by using Lemma A.1. 
Appendix B. Some properties of weighted Sobolev space of negative order
In this section we analyse the duality relationships between the weighted Sobolev spaces intro-
duced in Section 3. We first prove the following fundamental result.
Lemma B.1. Let 1 < p <∞ and Θ, θ ∈ R. Then C∞0 (D) ⊆ H1p,Θ,θ(D) dense.
Proof. This is a consequence of the fact that C∞0 (D) ⊆ H1p,Θ(D) for all Θ ∈ R. The details are left
to the reader. 
Lemma B.2. Let 1 < p <∞ and Θ, θ ∈ R. Moreover, let p′ > 1 and Θ′, θ′ ∈ R be such that
1
p
+
1
p′
= 1,
θ
p
+
θ′
p′
=
Θ
p
+
Θ′
p′
= 2.
Then the mapping
I : Lp′,Θ′,θ′(D)→ (Lp,Θ,θ(D))∗
f 7→ If :=
∫
D
f · dx,
is an isometric isomorphism.
Proof. First we check that I is well-defined and that
‖If‖(Lp,,Θ,θ(D))∗ ≤ ‖f‖Lp′,Θ′,θ′ (D), f ∈ Lp′,Θ′,θ′(D).
But this follows trivially by Ho¨lder’s inequality, since
Θ− 2
p
+
Θ′ − 2
p′
=
θ − 2
p
+
θ′ − 2
p′
= 2− 2 · 1 = 0,
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so that ∫
D
f g dx =
∫
D
f ρ
θ′−2
p′◦
(
ρ
ρ◦
)Θ′−2
p′
g ρ
θ−2
p◦
(
ρ
ρ◦
)Θ−2
p
dx ≤ ‖f‖Lp′,Θ′,θ′ (D)‖g‖Lp,Θ,θ(D).
Therefore,
‖If‖(Lp,Θ,θ(D))∗ = sup
g∈Lp,Θ,θ(D)
‖g‖Lp,Θ,θ(D)=1
(If)(g) ≤ ‖f‖Lp′,Θ′,θ′ (D), f ∈ Lp′,Θ′,θ′(D).
Moreover, for every f ∈ Lp′,Θ′,θ′(D) \ {0}, if we choose
g := sign(f)
( |f |
‖f‖Lp′,Θ′,θ′ (D)
) p′
p
ρθ
′−2
◦
(
ρ
ρ◦
)Θ′−2
,
then, since
p(θ′ − 2) + θ − 2 = (θ′ − 2) + p
(
θ′ − 2
p′
+
θ − 2
p
)
= θ′ − 2 and p(Θ′ − 2) + Θ− 2 = Θ′ − 2,
we have
‖g‖pLp,Θ,θ(D) = 1
and ∫
D
f(x)g(x) dx = ‖f‖Lp′,Θ′,θ′ (D).
Thus,
‖If‖(Lp,Θ,θ(D))∗ = ‖f‖Lp′,Θ′,θ′ (D), f ∈ Lp′,Θ′,θ′(D),
which means that the linear mapping I is a well-defined isometry. To prove that I is surjec-
tive, we apply Riesz’ representation theorem, which gives us that for every v ∈ (Lp,Θ,θ(D))∗ =
(Lp(D, ρ◦(x)θ−2(ρ/ρ◦)Θ−2 dx))∗ there exists a function f˜ ∈ Lp′(D, ρ◦(x)θ−2(ρ/ρ◦)Θ−2 dx), such that
v(ϕ) =
∫
D
f˜ ϕ ρθ−2◦
(
ρ
ρ◦
)Θ−2
dx, ϕ ∈ Lp,Θ,θ(D).
Set f := f˜ρθ−2◦ (ρ/ρ◦)
Θ−2. Then, f ∈ Lp′,Θ′,θ′(D), and
v(ϕ) =
∫
D
f(x)ϕ(x) dx, ϕ ∈ Lp,Θ,θ(D).
Thus, I : L
[◦]
p′,θ′(D)→ (L[◦]p,θ(D))∗ is surjective. Since it is also an isometry, I is an isometric isomor-
phism. 
The ‘parabolic version’ of Lemma B.2 reads as follows.
Lemma B.3. 1 < p <∞ and Θ, θ ∈ R. Moreover, let p′ > 1 and Θ′, θ′ ∈ R be such that
1
p
+
1
p′
= 1,
θ
p
+
θ′
p′
=
Θ
p
+
Θ′
p′
= 2.
Then the mapping
I : Lp′,Θ′,θ′(D, T )→ (Lp,Θ,θ(D, T ))∗
f 7→ If :=
∫
ΩT
∫
D
f · dxdPT ,
is an isometric isomorphism.
Proof. This follows from Lemma B.2 and the fact that Lp,Θ,θ(D) is reflexive for 1 < p <∞, as for
every reflexive Banach space E and every measure space (S,A, µ), it is known that Lp′(S;E∗) ∼=
(Lp(S;E))
∗, the isometric isomorphism being given by f 7→ ∫S〈f, ·〉E∗×Edµ, see, e.g., [7, Corol-
lary 1.3.22]. 
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Let D ′(O) define the space of all Schwartz distributions/generalized functions on a domain O ⊆
Rd.
Lemma B.4. For 1 < p <∞ and Θ, θ ∈ R, consider
Λ−1p,Θ,θ(D) :=
{
g ∈ D ′(D) : g =
∑
|α|≤1
(−1)|α|Dαvα, vα ∈ Lp,Θ−|α|p,θ−|α|p(D), |α| ≤ 1
}
,
endowed with the norm
‖g‖Λ−1
p,Θ,θ(D) := inf
{ ∑
|α|≤1
‖vα‖Lp,Θ−|α|p,θ−|α|p(D)
}
= min
{ ∑
|α|≤1
‖vα‖Lp,Θ−|α|p,θ−|α|p(D)
}
,
where the infimum is taken over all possible tuples (vα)|α|≤1 with vα ∈ Lp,Θ−|α|p,θ−|α|p(D), |α| ≤ 1,
such that g =
∑
|α|≤1(−1)αDαvα. Then, the mapping
J : H−1p,Θ,θ(D)→ Λ−1p,Θ,θ(D)
f 7→ f |C∞0 (D),
is an isometric isomorphism. In this sense, we can say that
H−1p,Θ,θ(D) =
{
f0 − f1x1 − f2x2 : f0 ∈ Lp,Θ,θ(D), f i ∈ Lp,Θ−p,θ−p(D), i = 1, 2
}
,
and that
‖f‖H−1
p,Θ,θ
(D) = inf
{
‖f0‖Lp,Θ,θ(D) + ‖f i‖Lp,Θ−p,θ−p(D)
}
,
the infimum being taken over all possible representations of f |C∞0 (D) as f0+ f ixi with f0 ∈ Lp,Θ,θ(D)
and f i ∈ Lp,Θ−p,θ−p(D), i = 1, 2.
In particular, the differentiation operators Dα : Lp,Θ,θ(D)→ H−1p,Θ+p,θ+p(D), |α| = 1, are bounded.
Proof. It is easy to see that the restriction of an arbitrary f ∈ H−1p,Θ.θ(D) to C∞0 (D) is a generalized
function, i.e., that f |C∞0 (D) ∈ D ′(D) for all f ∈ H−1p,Θ,θ(D). However, we need a little bit of work to
see that f |C∞0 (D) = f0 + f1x1 + f2x2 with suitable f0 ∈ Lp,Θ,θ(D) and f i ∈ Lp,Θ−p,θ−p(D), i = 1, 2,
and that the norms above are indeed norms, that the infimum is indeed a minimum and that the
norms coincide.
Step 1. We first show that J is well-defined, i.e., that for every v∗ ∈ H−1p,Θ,θ(D), there exist f0 ∈
Lp,Θ,θ(D) and f i ∈ Lp,Θ−p,θ−p(D), i = 1, 2, such that v∗|C∞0 (D) = f0 + f1x1 + f2x2 . This can be seen
as follows: The mapping
P : H1p′,Θ′,θ′(D)→ V 1p′,Θ′θ′(D) := Lp′,Θ′,θ′(D) ⊕p′ Lp′,Θ′+p′,θ′+p′(D)⊕p′ Lp′,Θ′+p′,θ′+p′(D)
ϕ 7→ (ϕ, ϕx1 , ϕx2),
is obviously a linear isometry. In particular, sinceH1p′,Θ′,θ′(D) is complete, the rangeRP ofH1p′,Θ′,θ′(D)
under P is a closed subspace of V 1p′,Θ′,θ′(D); we write W 1p′,Θ′,θ′(D) := RP . Let v∗ ∈ H−1p,Θ,θ(D) =
(H1p′,Θ′,θ′(D))∗. Define vˆ := v∗ ◦ P−1 ∈ (W 1p′,Θ′,θ′(D))∗. Then, by Hahn-Banach Theorem, there
exists a norm preserving extension v˜ ∈ (V 1p′,Θ′,θ′(D))∗ of vˆ to V 1p′,Θ′,θ′(D). Due to Lemma B.2, this
means that there exist f0 ∈ Lp,Θ,θ(D) and f i ∈ Lp,Θ−p,θ−p(D), i = 1, 2, such that
v˜(φ0, φ1, φ2) =
∫
D
φ0f
0dx+
∫
D
φ1f
1dx+
∫
D
φ2f
2dx,
for all φ := (φ0, φ1, φ2) ∈ V 1p′,Θ′,θ′(D). In particular, for every ϕ ∈ H1p′,Θ′,θ′(D),
v˜(Pϕ) = v˜(ϕ, ϕx1 , ϕx2) =
∫
D
ϕf0dx+
∫
D
ϕx1f
1dx+
∫
D
ϕx2f
2dx.
If ϕ ∈ C∞0 (D), then
v˜(Pϕ) = v∗(ϕ) =
∫
D
ϕf0dx−
∫
D
ϕf1x1dx−
∫
D
ϕf2x2dx,
which is exactly the same as the application of the generalized function f0 − f1x1 − f2x2 to the test
function ϕ.
AN Lp-THEORY FOR THE STOCH. HEAT EQ. ON ANGULAR DOMAINS WITH MIXED WEIGHTS 19
Step 2. J is surjective, i.e., for every g ∈ D ′(D), g = f0 − f1x1 − f2x2, where f0 ∈ Lp,Θ,θ(D) and
f i ∈ Lp,Θ−p,θ−p(D), i = 1, 2, there exists v∗ ∈ H−1p,Θ,θ(D), such that v∗|C∞0 (D) = g. To see this,
simply define
v∗(ϕ) := (f0, ϕ) + (f1, ϕx1) + (f2, ϕx2), ϕ ∈ H1p′,Θ′,θ′(D).
Due to Lemma B.2, this mapping is well-defined and
v∗(ϕ) ≤ (‖f0‖Lp,Θ,θ(D) + ‖f1‖Lp,Θ−p,θ−p(D) + ‖f2‖Lp,Θ−p,θ−p(D))‖ϕ‖H1
p′,Θ′,θ′
(D), ϕ ∈ H1p′,Θ′,θ′(D),
which means, in particular, that v∗ ∈ H−1p,θ (D).
Step 3. Due to the density of C∞0 (D) in H1p′,Θ′,θ′(D), J is obviously injective.
Step 4. We prove that
‖v∗‖H−1
p,Θ,θ(D) = inf
{
‖f0‖Lp,Θ,θ(D) + ‖f1‖Lp,Θ−p,θ−p(D) + ‖f2‖Lp,Θ−p,θ−p(D)
}
(B.1)
= min
{
‖f0‖Lp,Θ,θ(D) + ‖f1‖Lp,Θ−p,θ−p(D) + ‖f2‖Lp,Θ−p,θ−p(D)
}
, (B.2)
the infimum being taken over all f0 ∈ Lp,Θ,θ(D), f1 ∈ Lp,Θ−p,θ−p(D), and f2 ∈ Lp,Θ−p,θ−p(D), such
that Jv∗ = f0 − f1x1 − f2x2. To see that (B.1) holds, we argue as follows: The calculations in Step 2
already show that
‖v∗‖H−1
p,Θ,θ(D) ≤ ‖Jv
∗‖Λ−1
p,Θ,θ(D), v
∗ ∈ H−1p,Θ,θ(D).
Moreover, the arguments in Step 1 show that for every v∗ ∈ H−1p,Θ,θ(D), there exist f0 ∈ Lp,Θ,θ(D),
f1 ∈ Lp,Θ−p,θ−p(D), and f2 ∈ Lp,Θ−p,θ−p(D), such that
‖v∗‖H−1
p,Θ,θ(D) = ‖f
0‖Lp,Θ,θ(D) + ‖f1‖Lp,Θ−p,θ−p(D) + ‖f2‖Lp,Θ−p,θ−p(D).
The reason: The extension v˜ of vˆ is norm preserving, P is an isometry and (V 1p′,Θ′,θ′(D))∗ is isomet-
rically isomorphic to Lp,Θ,θ(D)⊕pLp,Θ−p,θ−p(D)⊕pLp,Θ−p,θ−p(D). This shows that (B.1) holds and
that the infimum is indeed a minimum.
Step 5. Conclusion: Due to Steps 2–4, ‖·‖Λ−1
p,Θ,θ(D) is indeed a norm on Λ
−1
p,Θ,θ(D), the infimum in
the definition is a minimum and J is an isometric isomorphism. 
Lemma B.5. For 1 < p <∞ and Θ, θ ∈ R, consider
Λ−1p,Θ,θ(D, T ) :=
{
g : ΩT → D ′(D) : g =
∑
|α|≤1
(−1)|α|Dαvα, vα ∈ Lp,Θ−|α|p,θ−|α|p(D, T ), |α| ≤ 1
}
,
endowed with the norm
‖g‖Λ−1
p,θ
(D,T ) := inf
{ ∑
|α|≤1
‖vα‖Lp,Θ−|α|p,θ−|α|p(D,T )
}
= min
{ ∑
|α|≤1
‖vα‖Lp,Θ−|α|p,θ−|α|p(D,T )
}
,
where the infimum is taken over all possible tuples (vα)|α|≤1 with vα ∈ Lp,Θ−|α|p,θ−|α|p(D, T ), |α| ≤ 1,
such that g =
∑
|α|≤1(−1)|α|Dαvα. Then the mapping
J : H−1p,θ(D, T )→ Λ−1p,θ(D, T )
f 7→ f |C∞0 (D),
is an isometric isomorphism. In this sense, we can say that
K
−1
p,θ(D, T ) =
{
f0 − f1x1 − f2x2 : f0 ∈ Lp,Θ,θ(D, T ), f i ∈ Lp,Θ−p,θ−p(D, T ), i = 1, 2
}
,
and that
‖f‖
H
−1
p,Θ,θ(D,T ) = min
{
‖f0‖Lp,Θ,θ(D,T ) + ‖f1‖Lp,Θ−p,θ−p(D,T ) + ‖f2‖Lp,Θ−p,θ−p(D,T )
}
,
the infimum being taken over all possible representations of f |C∞0 (D) as f0 + f1x1 + f2x2 with f0 ∈
Lp,Θ,θ(D, T ) and f i ∈ Lp,Θ−p,θ−p(D, T ), i = 1, 2.
Proof. This can be proven along the lines of the proof of Lemma B.4 by using Lemma B.3 instead
of Lemma B.2. The details are left to the reader. 
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